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1 Introduction

In this paper we study an inverse boundary value problem for the Schrodinger
equation in the presence of a magnetic potential. Let Q be a bounded domain
in R”, n 2 3, with smooth boundary. The Schrodinger equation in a magnetic
potential is given by

n Kl 2
(0 Hiq =j§ (%5;, +Aj(x)) +q@), i=v-1,

where 4 = (41,42,...,4,) € CY() is the magnetic potential and g € L°(£)
is the electric potential. The magnetic field is the rotation of the magnetic
potential, rot(}f).

We assume that 4 and g are real-valued function and thus (1.1) is self-

adjoint. We also assume that zero is not a Dirichlet eigenvalue of (1.1) on @,
so that the boundary value problem

Hj u=0 in Q

(12) { 4
ulog = f € H}(8Q)

has a unique solution u € H'(Q). The Dirichlet-to-Neumann map A 74 Which

maps H3(00Q) into H~4(3Q), is defined by

+i(A-v)f, f € H1(09)
a2

Ou
(13) AZ,q:f—-) F™

where u is the unique solution to (1.2), and v is the unit outer normal on 0%.
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The inverse boundary value problem for (1.1) is to recover information of
A and g from knowledge of A 7, This problem is closely related to the inverse
scattering problem for (1.1) with a fixed energy. This problem was considered
in [H-N] where it is assumed that the magnetic field is small. The inverse
problem at a fixed energy in the case that the magnetic field is 0 was solved
by Novikov ([N]).

As it was noted in [Su], the Dirichlet to Neumann map A; q is invariant
under a gauge transformation in the magnetic potential: 4 — 4 + Vg, where
g € C},, where we denote

(14) Ca = {f € C(R"),suppSf C 2}

Thus, A3 q carries information about the magnetic field instead of information
about 4. The natural question is whether A 7, determines uniquely rot(4) and

g. In [Su), this question was answered affirmatively for 4 in the C2 class and
q in the L°(Q) class, under the assumption that rot(4) is small in the L*®
topology. Namely, we have

Theorem A. Let A; € Ch,q; € L(Q), j=1,2. Assume that zero is not a
Dirichlet eigenvalue for Hij,qj’ Jj=1,2. Then there exists a constant & =
e(R) > 0 such that if "I'Ot(/—fj)”Loo(n) <& j=12, and

A = Az

A4 A2.q2 °

then
rot(A4;) = rot(]z) and gy =q; in Q.
The main purpose of this paper is to consider the above problem for C*°

class of potentials 4 and gq. In this case we are able to remove the smallness
assumption on rot(4). We have

Theorem B. Let 4; € C*(82), q; € C®(R), j = 1,2. Assume that zero is not
a Dirichlet eigenvalue of H 10 j=L21If .

Ap =4z

A 2,92 7
then
rot(4;) = rot(4,) and q, = ¢, in Q.

If we assume A; € C3°, then Theorem B holds even for ¢; € L™(R2). We
have

Theorem C. Let /'f, €CY, q; € L®(Q), j =1,2. Assume that zero is not a
Dirichlet eigenvalue of HZ,?q,-’ j=L2.If

A'z]:ql = AIz.‘Iz ’
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then
rot(;l'l) = X'Ot(f-iz) and g1 =q; in Q.

In the next three sections we shall give proofs for Theorems B and C.
Our proofs are a combination of methods developed in [L-U], [N-U] and
[Su). We remark that in the case 4 = 0, global uniqueness was established in
[S-U].

In the next section we shall show that 47 q determines the boundary values
of rot(A) and its normal derivatives of all orders at the boundary. Namely, we
have

Theorem D. Let /7, C°°(S§) and qj € C*(Q), j = 1,2. Assume that zero is
not a Dirichlet eigenvalue of H g ) = 1 2. If

A/Zl:‘ll = A/;z,qz ’

then we can find ¢ € C®(RQ) vanishing to first order at 8Q such that

-

Ay =12+V¢

to infinite order at 0Q.

As one can see from the proof of Theorem D one can prove also that
Ay, determines also the boundary values of ¢ and its normal derivatives of

all orders at the boundary (This was proven in [K-V] in the cases A=0)
However, this fact will not be used to prove Theorem B and C. Theorem D
reduces the proof of Theorem B to the proof of Theorem C by an extension
argument.

In Sect. 3 we shall construct a family of exponentially growing functions
(in certain directions) of the form

(15) u(x, €) = &£ FHEO(1 4 w(x, £))

satisfying the equation Hz u =0, with the property that w(x,&) decays as
|€] — oo, where ¢ € C", & é 0, £ = &/|¢. It is the construction of @ which
presents some difficulties. In [Su], o was constructed for 4 € C3, q € L*(Q)
under the assumption that ||rot(4)||zooq) is small. In Sect. 3 we shall con-
struct o for 4 € C®(2) and ¢ € L™(Q) without the smallness assumption
on rot(4). This will be done by intertwining the operator e™*"¢H 1 q(e"'i)
with the operator e~*"¢A(e*'%) and then using the solutions for the latter con-
structed in [S-U]. A similar approach was developed in [N-U] for the elasticity
system.

Section 4 is devoted to the proof of Theorem B and C. We shall first reduce
Theorem B to Theorem C. The proof of C follows from results in Sect. 3 and
modification of arguments in [Su].
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2 Boundary determination

In this section we prove Theorem D in the introduction. To do this we proceed
as in [L-U]. We write the operator in boundary normal coordinates and then we
factorize the operator. This leads to a Riccati type equation for the Dirichlet to
Neumann map similar to the one derived in [L-U] for the case that the operator
is the Laplace-Beltrami operator of a Riemannian metric. In that case similar
Riccati type equations were derived by different methods by Cheney, Isaacson
and Somersalo [S-I-C] and, in the isotropic case, by Sylvester {S].
The Schrédinger operator (1.1) can be rewritten as

n
@1 P(x,D) = —A+ 3 24;(x)D;, + G(x)
=1
where
(2.2) G=A—2V-A+q Dy =12
' B O A

The Dirichlet to Neumann map Az gisa pseudodifferential operator of order
1. In boundary normal coordinates, (x!,...,x"!,x") = (x',x,) with 8Q, (resp.
) is given locally by x" = 0, (resp. x, > 0) (see [L-U]). We have that

23) —4 = D2 4+ iE(x)Den + O(x,Dyr)

where O(x,D,:) a second order operator in D,,, depending smoothly on x" with
positive principal symbol. We remark that E(x) and Q(x,D,s) are known in
this case. Using (2.3), the operator (2.1) can be written as

n—1 -
(24) P(x,D) = D% + iE(x)Dyn + Q(x, Dy ) + 3 2C{(x)D,; + 24,Den + G
J=1

where A, Cj=1,...,n~1 are the components of Ain boundary normal coor-
dinates. Now we define

. . -1 ~
(2.5) M(x,D) = & P(x, DYe /) = ~4 + S A,Dy + G
i=1
with
x” -~
SO ) = [A,s)ds .
0

The point is that we can factorize (2.5) as a product of two first order operators.
Namely, we have

Proposition 2.6. There exists a pseudodifferential operator B(x,Dy) of order
1 in x' depending smoothly on x" such that

@7 M(x,D) = (Dy» + iE(x) — iB(x, Dy )XDxn + iB(x,Dyr))

modulo a smoothing operator.
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Proof. In order for (2.7) to be valid we need that B satisfies the following
Ricatti equation

(2.8) i[Dw,B] —E(x)B+B*—Q - ZA D, —G=0
modulo smoothing. Therefore the full symbol b(x,n") of B(x,D,) must satisfy
2.9) Z 6“, 5b —h+ b ~Eb=10

where 1
n— o~ ~
houn'y = g2 ) + g1 1') + ZlAjnj +G

=

with g2(x, 1) + g1(x,7") the full-symbol of O(x, D,s) and ga(x,%’) the principal

symbol.
We write
(2.10) b(x,n') ~ T bi(x,n')
Js1

with b; homogeneous of degree j in #’. Grouping the homogeneous terms of
degree two in (2.9) we obtain

bl —g=0.
We then choose
(2.11) by = ~/5z .
The homogeneous terms of degree one in (2.9) is

=1
2b0b1 + Z 6“,(b| )D;,(bl) -+ 6xnb1 EAjﬂj - Eb1 =0.
=1

le]=1

We choose
(212)
/ n=1
by = \/— < 2 6“,(\/52') 5 (V92)— g1 — O /G2 +Efg2 + ;Aj’?j)
=
The homogeneous term of degree zero in (2.9) is
(2.13) 2b_ibi+ Y 7 a{,‘,(b,)D’i(bk) + —-—bo — G ~Eby.
os}kkKSI
IKl=/+k

We then choose

i
2.1 = 0",b DX (b ————Eb -
( 4) bl 2@ OS‘,ij"‘Kél K' ’1( ) (k)+ '

IKi=f+k
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The terms b;,j £ —2 are chosen in a similar fashion, (see (1.9) in [L-U])
completing the proof of the proposition.
The point of the construction above is that

Propesition 2.15.
(2.16) Az 4= B(xDy )0 — 2idy |sn=0 mod. smoothing .

Proof. Using Proposition (2.6) and the same arguments as in the proof of
Proposition 1.2 in [L-U] we conclude that

ou
pl

where u solves the Dirichlet problem

=0 = B(x, Dy )u|sn=o mod. smoothing

MxDu=0in Q; ulpo=f.

Proof of Theorem D. We first look at the principal symbol of (2.16). Using
(2.16) we have that the terms homogeneous of degree one in the full symbol
of Az, is

(2.17) bi(x, ' =0 = V/G2lxr=0 -

The term homogeneous of degree zero in the full symbol of A7 is

(2.18) (bo — 2idy)|xn=0

From (2.12) then we observe that we can determine knowing the full symbol
of the Dirichlet to Neumann map
LS jni - 21,

! — 2i
PN i ”
at x" = 0. Therefore, since 4, ; are real-valued, we conclude that we can recover,
A 1,4n at x" = 0 at this stage.

The term homogeneous of degree —1 in the full symbol of A; _ is

(2.19)

b_yln=o.

Therefore using (2.14), (2.17) and (2.18) we conclude that we can recover
from b_1|xn=0

oby

o C

at x” = 0. Then using (2.12) we can determine from the full symbol of the
DN map

220 2 (Eimf) _é
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at x" = 0. Since A4, i»J=1,...,n— 1, is real-valued we determine from (2.20)

a;/ij,‘,jz 1,...,”'—1

at x” = 0. Proceeding inductively we can then prove that we can recover from
the homogeneous terms of degree —k in the full symbol of A e

a\*.
(Eﬁ) Aoy j=1,...,n—1.

The result now follows from (2.5) since we know Ay|in=o and the Taylor series
of dj,j=1,....n—Latx"=0 0

3 Construction of solutions

Let 4 € CF, q € L=(Q). We extend g = 0 outside 2. We look for solution
of the form

@3.1) U(x, &) = & 450 (1 4 a(x, €)), x € 2,

in the null space of Hy , with the property that a(x,{) behaves like (&7t

as |¢| tends to oo, where £ € €", £-¢ =0 and Z= &/|€]. This is reduced to
construct ¢ and w from the following two equations.

(3.2) EV=—it-d

(3.3) Ao +2(¢E+ Vo +id)-Vo—go=g
where

(34) g=A*—iV-Ad+q-24-Vp-V-Vo—4¢.

As in {Sul, we construct ¢ by Fourier transforming (3.2). This leads to
~ ) AN
(3.5) 9053 = @y femin [ £ ) 4y
R”? é’ '1

where A denotes the Fourier transform. One can easily verify that ¢(-,¢) €
C*(R") is a solution to (3.2), which satisfies
(3.6) I8¢ Elliemoy S COm)||Allcy

for any bounded domain @ C R”. Moreover, ¢(x, f) is differentiable in E on
the manifold {¢ € €",¢-& =0,)¢| = 1}.
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In the rest of this section we shall construct w. Since we are looking for
solution # on £2, we may rewrite the equation (3.3) as

(3.8) 40+ B-Vo—ho=h
where
(3.9) 4 =442V, B=2Vo+idW, h=g¥

and ¢ € C§°(R") with ylp = 1. We denote
(3.10) M;=4;+B-V, L =M; — h.

We shall construct @ by inverting Lg. To do this, we need to invert M; first.
Assume that & = s& + O(1), where & € €, |&| =1 and ¢-& = 0.

Lemma 3.11, The operator M; has a bounded inverse M{' (LX(Q) — H\(R2)
Sor || sufficiently large. Moreover, for any f € L*(),

(3.12) 1M (Nizay £ ST iz

(3.13) 1M (Ollneey £ CI iz

where C is a constant independent of &.

Lemma 3.11 is the key step in constructing the solution . Once Lemma
3.11 is proven, analogous arguments to the ones in [Su] (lemma 2.4) can be
used to show that Lemma 3.11) is valid with M, replaced by L,. This gives us

Proposition 3.14. For |&| large enough, there is a solution w satisfying (3.3).
Moreover,

<
i<l

where C is a constant independent of ||.

(3.15) lollg £ 5 IVollg £ C,

To prove Lemma 3.11, we first introduce some notations. We denote by
L"(IR",Z) the space of pseudodifferential operators of order m in the Shubin
class [Sh] where Z = {¢{ € @, ¢-¢& = 0,{¢| = 1} (see [N-U]). We define A €
L*(R",Z) as the properly supported pseudodifferential operator with principal
symbol

a(43) = (Inf* + &M%,
for the definition of properly supported see [N-U].
We denote . ‘ y
M, =M5AE1, 4 = AgAgl .

Lemma 3.16. Let N € Z*. There exist A; and B; € L°(R",Z) properly sup-
ported satisfying the following: For any ¢; € Cg°(R") there exist ¢2, 3, ¢a €
C(R™) and r > 0 such that

(3.17) G M ed; = ¢1BedaA; (As + 3RV da)
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where
R({_N) . Ha(]Rn) - Hu+N(an)

is a bounded linear operator with

(3.18) ”RE—N)“H“(R”),H“*’N(R") < Cilelv

for € Z || = r and any o € R. Morever ¢;,j = 2,3,4 are taken to satisfy
(3.19) D192 = b1, P23 = 2, P1a = ¢

and

(3.20) ¢1Bidr = $1Br, $2A7 b3 = ho A7

We refer the reader to [N-U] for the proof of Lemma 3.16.
Proof of lemma 3.11. By defining

(3.21) Ce = BeA;!
we conclude using (3.17) and (3.20)
(3.22) M ede = 1 Ce(de + 3RV bu) .

Take now ¢] € C§°(R") such that ¢{ =1 on supp ¢,. It is easy to see that
there exists a linear operator C‘;l such that

Al
(3.23) $1CeCe = ¢}
and

-
(3.24) Ce llge . g1 = Calé

for any a € IR. We are taking in the rest of the proof ¢ € Z, |¢| = r, for an
appropriate r > 0. Let us choose now ¢} € C§°(IR") such that

(3.25) ¢\ Cedy = i C: .
Let us consider the equation

_ ~—1
(3.26) (¢ + $sRV ga)o = $5C; i f

From (3.22), (3.23) and (3.25) we have

x -1

$:Medeo = $191CC; b1 f =SS = ¢if .
Hence, since ¢; = 1 on £, if v is a solution of (3.26), then
3.27) w=A;'A:¢]v
satisfies

(3.28) Mw=f inQ.
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Here we have taken ¢} € C°(R") such that ¢\Md:¢! = ¢1M;A;. Using
(3.18), (3.24) and the representation theorem for compactly supported distri-
butions (see for instance [M] Thm. 2.13, page 92), it is easy to prove that for
any f € LA(R"),

- - 1 Al
(3.29) v=(I+4; l¢3R(¢ M ba) IA; '9.C; ¢1f € Hy,(R")

satisfies (3.26). Furthermore, using (3.24) and the estimates for Agl ([s-UD
we have

(3.30) 1 vlle=rny S Caldl*lLf N2y

for a = 0, 1. Now we take /,/; € C§°(IR") such that ;¢ = ¢f, AEIAgllll =
nj/zAg'Ag/u. Then using the estimate (1.12) in [N-U] we conclude that w €
H*(R") and

(331) wllarny < Caldl* I f lgnmapz = 0,1

This concludes the proof. O

4 Proofs of theorems

In this section we prove Theorems B and C. We first reduce Theorem B to
Theorem C.

Let A €C®(Q), q; € C=(Q), j =1,2 and Az, o= A, 4, Lot Br be a
ball with center at the origin and radius R so that Q C Bg. Let ¢ be as in
Theorem D. Using this result and the invariance of the Dirichlet to Neumann
map, we can change Az by A+ V¢ and assume that A1 =4, to infinite
order at 0. We choose a vector function A' on By so that A’ € C§°(Bg) and
A o = A,, and define

- _ Zz(x), xeR
A(x) = { Ax), xebBr\Q.

Then 4, € C°(Bg). We simply extend g;, to g} € L*°(Br),j = 1,2 so that

ron_ f4ix), x€Q
9 = { 0, xeBp\2.

Consider now the operator H il J = 1,2. We may change the radius R slightly
so that zero is not a Dirichlet elgenvalue for both H; FPe and thus A; ,4' 7 is well-
defined, j = 1,2. Since A7, 4 AAM , and A’ —A2 and q; = g5 on Bp\Q,

it follows from a well-known fact in inverse boundary value problems that

Ap iq = Az y on 0Bg. Therefore, Theorem B is reduced to Theorem C.
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The proof of Theorem C follows similar lines of argument to the ones
given in [Su]. We give only an outline.

Proof of Theorem C. The proof begins with the following identity.

“.n lf(Al —4>) (Vi — u, V) )dx + f(A2 —Az + g1 — q2)Udx =0

where u; is any solution of Hy oW = 0, j = 1,2, and we have assumed that

A Ao = A Yy See Proposition 3.1 in [Su] for a proof which is based on an
integration by parts argument.

The next step is to replace u;, j = 1,2 in (4.1) by exponentially grow-
ing solutions constructed in Sect. 3. Let k,y;,7. be three mutually orthogonal
vectors in R” with || = |y2] = 1. Let {,& € €" be given by { =1y, + iy,,
& = s{ + g(s,k)y1, where s is a positive real parameter and

g(s,k) = (KPP + 457y +45)7"

Define

(42) a=%ip 5% ¢

One can check that &,.&; = & - & = 0. We now construct
(43) w5, &) = €4 (1 + @y, &))

solution of H i = 0, j = 1,2. Substituting (4.3) into (4.1) and letting s
tend to oo, one gets

(4.4) [+ 61830 (4, — Ay)dx =0
2

where ¢7(x,{) = ¢;(x,0), j = 1,2.
(4.4) is all we need to deduce that

(4.5) rot(4;) = rot(4;) .
See Sect. 4.1 in [Su] for details. (4.5) implies that there exist p € C} so that
(4.6) A-A=Vp inQ.

To prove g; = g3, we first recall that H; _ is invariant under gauge transfor-
mations. This fact together with (4.6) 1mp11es that Az =4z
On the other hand, A7 , = 4; .. So we have

AZI:‘II = AA‘MI: ’

i +voa, = g,
AL
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This means that we may assume A, = 4, when we prove ¢, = q». Letting
Ay = 4> in (4.1) we get

4.7)

J(g1 — g2 )m¥idx =0
2

Now substituting (4.3) into (4.7) and letting s tend to oo we get

Je+#i+9i (g, — g, )dx =0,
2

from which the result follows immediately. O

Note added in proof. Esking and Ralston have recently solved the inverse scattering problem
at a fixed energy for the Schrodinger equation in a magnetic field assuming that the potentials
are exponentially decaying.
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